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On the Krutov model for deformed even-even nuclei 

Y. P. VARSHNI and S. BOSE 
Department of Physics, University of Ottawa, Ottawa 2, Canada 
M S .  received 1 6 t h  M a r c h  1970 

Abstract. Rotational energy levels of the ground state band of a number of 
deformed even-even nuclei have been calculated using the models proposed 
by Krutov in 1968 and by Davydov and Filippov in 1958.  The parameters, 
occurring in these models, have been evaluated by two diKerent methods. 
The results are compared with the experimental values and the relative 
merits of the models discussed. 

1. Introduction 
Recently Krutov (1968 a, b) has suggested a new approach to the description 

of the rotation of deformed nuclei. His approach is based on a definition of collective 
motion in the nucleus as a change of the density distribution of nuclear matter in time. 

Krutov (1968 a, b) and Krutov and Zackrevsky (1969 a) have applied this 
approach to nuclei having a non-axial equilibrium shape. Krutov limits himself to the 
case when the coupling between the rotation and intrinsic motion can be neglected, 
i.e. an asymmetric rotator. The  rotational Hamiltonian of the non-axial nucleus is 
then equal to 

where I ,  is the angular momentum projection on the v axis of the nucleus-fixed 
system; F, is the effective moment of inertia under the rotation around the v axis. 

According to the model suggested by Krutov, 

where p(r’) is the nuclear mass density distribution; {pmin(r’)), is the minimum 
density at the point Y‘ under the rotation of the nucleus around the v axis, r’ or 
x, = , 2 , 3  represent the coordinates in the nucleus-fixed system. 

Assuming the uniform distribution of the density p(r ’ )  and using equation (2), 
Krutov obtains 

where is the total deformation parameter of the nucleus, y is the non-axiality 
parameter and F,, is the moment of inertia of a rigid sphere possessing the nuclear 
mass and radius (Frs  = ?MAR2, R = 1-216 A1’3 fm). 
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Like the Davydov-Filippov (1958) model, this model also gives rise to a ground 
state band with the spin sequence Jn = 0 + , 2  + , 4  + , 6  + etc., and a gamma band 
with the spin sequence 2 +, 3 + , 4 + , 5 + etc. For the Hamiltonian (1) it is possible 
to obtain analytical expressions for E,(2+) and E,(2+) in terms of F,, F ,  and F,. 
E,(2+) is the energy of the 2 +  level in the ground state band and E,(2+) that of 
the 2 + level in the gamma band. Krutov and Zackrevsky (1969 a) used the experi- 
mental values of the two 2 +  states to calculate /3 and y for 23 even-even nuclei. 
They restricted themselves to such even-even nuclei for which the following relation 
is closely satisfied : 

E,(2+)+EY(2+)  = E,(3+).  (4) 

For an asymmetric rotator, equation (4) is exactly satisfied (Davidson 1968). The  
degree to which this relation is satisfied can be used as a criterion for ignoring the 
coupling between the rotation and intrinsic motion. 

Krutov and Zackrevsky (1969 a, b) have also calculated the reduced probabilities 
for E2 transitions between two rotational levels of the non-axial nucleus, the magnetic 
moments of the lowest rotational states and the probabilities of magnetic dipole 
transitions between these states. These results are expressed in terms of Pe  (the 
parameter of the total deformation of charge) and y e  (the charge non-axiality para- 
meter). Because of the difference between the mass and charge distributions, these 
two parameters are different from p and y. The calculated values of transition prob- 
abilities and gyromagnetic factors are in reasonable accord with the experimental 
values, lending support to the applicability of Krutov’s model to such nuclei. These 
results show the consistency of the assumptions involved in the parameters Pe  and ye,  
but do not say anything about p and y. 

A satisfactory nuclear model should also be able to reproduce the observed energy 
levels. In  the present paper we have obtained the energies of the ground state band 
levels for Krutov’s model. There are certain similarities between the Davydov- 
Filippov (DF) model and the Krutov model. Both are asymmetric rotator models, 
both disregard the vibration-rotation interaction and both have two parameters as 
far as the energy levels are concerned. A comparison of the two would be appropriate. 
The  Hamiltonian operator in the case of the D F  model is given by 

3 AIi2 
H =  C 

i = l  2 sin2{yD,- (2n/3) i }  

where A and yDF are parameters and I i  are operators of the projections of the total 
angular momentum along the body-fixed axes of the nucleus. We have obtained the 
ground band energies for the D F  model also and the calculated values from the two 
models have been compared with the experimental values. 

2. Results 
In  the case of the asymmetric rotator two-parameter models, the values of the 

parameters may be obtained by either of the following two methods. 
(i) From E,(2+) and E,(2+). For Krutov’s model, Krutov and Zackrevsky 

(1969 a) have calculated the parameters /3 and y by this method and these are re- 
produced in table 1. T o  compare the results obtained from these parameters with. 
those of the DF model, the parameter yDF occurring in the D F  model was also 
calculated from E,(2+) and E,(2+) and the resulting values are shown in table 2. 
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Table 1. Parameters of Krutov’s model as calculated 
by methods (i) and (ii) 

Kucleus 

15ONd 

154Sm 
154Gd 
ls6Gd 
ls8Gd 
lGOGd 

Y 

Y 
164Er 
IG6Er 
168Er 
170Er 

176Yb 
1 8 2 W  

l880s 

1 0 0 0 s  

194Pt 
232Th 

l60D 
lG2DY 

164D 

172Yb 

186W 

1 9 2 0 ~  

Method (i) 
P 

0.239 
0.221 
0.331 
0.218 
0.298 
0.327 
0,338 
0.293 
0.308 
0,349 
0.229 
0.286 
0.253 
0.289 
0.285 
0.263 
0.202 
0.158 
0.123 
0.100 
0.089 
0.055 
0.272 

Y 
(deg) 

3.567 
3.167 
1.783 
4.000 
2.450 
2.117 
2.333 
2.867 
2.884 
2.884 

3.383 
3.100 
2.717 
1.683 
2.050 
2.633 
5.583 
8.467 

12.0 
14.834 
21.0 

2.017 

4.567 

Method (ii) 
P 

0.2210 
0.2351 
0.3402 
0.2273 
0.3069 
0.3336 
0.3459 
0.2997 
0.3147 
0.3387 
0.2732 
0.3025 
0.2975 
0.2950 
0,2899 
0.2682 

0.1618 
0.1262 

0.2059 

0.2804 

Y 

29.08 
29.04 
17.20 
28-61 
18.14 
14.46 

16.02 
13.72 
13.23 
15.46 
14.56 
11.93 
12.56 
11.99 
14.20 
13.78 
16.35 
25.09 

(ded 

15.30 

15.65 

Table 2. Parameters of the Davydov-Filippov model as calculated by 
methods (i) and (ii) 

Nucleus 

l 5  ONd 
lszSm 
15*Sm 
154Gd 
lsGGd 
158Gd 
lG  OGd 

Y 
lG2Dy 
lG4Dy 
lG4FJr 
lGGEr 
lG8Er 

1GOD 

170Er 
172y-b 
17GYb 
182W 

1880s 
1QOOS 
1 Q 2 0 s  
194Pt 
232Th 

186W 

Method (i) 
Y D F  

(ded 
13.91 
13.23 
9.54 

13.84 
11.05 
10.33 
10.87 
11.90 
11.54 
12.30 
12.88 
12.67 
12.35 
11.58 
9.26 

10.15 
11.38 
16.03 
19.16 
22.28 
25.19 

10.03 

Method (ii) 
Y D F  

22.15 
22.13 
15.87 
22.00 
16.62 
14.07 
14.60 
15.22 

13.11 
14.93 
14.18 
12.29 
12.76 
12.37 
14.04 
13.89 
15.84 
20.75 
23.39 

(ded 

13.53 

25.33 

15.03 
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IL'o value is shown for lg4Pt as for this nucleus E,(2+)/E1(2+) is less than two. The  
experimental data employed in the calculations are shown in table 3. Energy levels 
for the ground state band were calculated from the Hamiltonian ( 5 )  for the D F  model 
and from the Hamiltonian (1) for the Krutov model and the results are compared with 
the experimental values in figures l(a) and l ( b ) .  

Table 3. Experimental data employed in the determination of parameters 

E1(2 +) E1(4 +) 
(keV) (IteV) 

132 397 
121.78 kO.05 366.4 k0.3 

123.07 kO.05 371.2 k0 .2  
81.99 f 0.05 

88.967 iO.005 288.16 + O  05 

75.3 i 0.5 

267 + 1 

79-51 iO.01 261.45 1-0.05 

86.8 283.8 
80.6 265.6 

247 i 2 

73.39 k0.05 242.2 kO.1 
91 i l  298 1 3  

79.8 k 0.5 
79 + 5  261 + 2  

80.6 f 0.05 264.9 k 0.2 
264 + 0.5 

78.7 + 0.5 
82.1 k0 -5  270 + 3  

260.3 i 1 

100.1 kO.05 329.4 i0 .05  
122.5 399 
155 kO.1 477.9 kO.1 
186.7 kO.1 547.8 +0*1 
205.79 580.4 
328.5 il 811.1 f 2  
49.8 fO.1 163 I.1 

Ey(2 +) 
(keV) 

1060 
1087 
1440 
999 

1154 
1185 
1010 
966.1 
890 
761.8 
858 
787 
822 
930 

1468 
1270 
1222 
730 
633 

557.9 
489.1 
622.1 
788 

3' 100 p 

0.326 
0.325 -2.17 
0.077 -043  
0.317 -0.80 
0.094 -0.65 
0.045 -0.28 
0.053 
0.064 0.35 
0.038 
0.033 0.84 
0.059 0.32 
0.047 0.88 
0,025 0.53 
0.055 
0.026 -0.21 
0.045 
0.043 -0.67 
0.076 
0.250 -0.23 
0.399 -1.53 
0.513 0.65 
0,864 
0.060 

Most of the data are from the compilations of Lederer et  al. 1967 and 
Mariscotti et al. 1968. Ground state band values for 160Dy and 16'Dy are 
from Ewan and Anderson 1968. For purposes of identification, Ey(2 +) 
was taken to be the energy of that 2 +  state which most closely satisfies 
relation (4). 

(ii) From E1(2+) and E1(4+). It is known that for the D F  model this method 
gives better results for the ground state bands of a number of nuclei than those 
obtained by the method (i) (De Mille et al. 1959, Moore and White 1960, Varshni and 
Bose 1970). The  parameter yDF in the DF model was determined from the ratio 
R(4) = E1(4+)/E1(2+) and the values obtained are shown in table 2. No value is 
shown against lS4Pt as for this nucleus R(4) < 8/3 (the limiting value for the DF 
model). The  parameters /3 and y for the Krutov model were also determined from 
E1(2+) and E1(4+) by an iterative process with the constraints 0 < /3 < 1 and 
0 < y < 30". The  calculated values thus obtained are shown in table 1. For lgoOs, 
Ig2Os and Ig4Pt, values of ,B and y could not be obtained within the stipulated ranges. 

'Using these parameters, energy levels for the ground-state band were calculated 
for the two models and the results are shown, along with the experimental values, in 
figures 2(a)  and 2(b). 
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A B C  

"'Nd 

, R  c 

Method ( i )  

Figure 1 (a). Experimental and calculated energy levels. The parameters were 
determined from E1(2 +) and Er(2 +). There are three columns for each nucleus, 
see e.g. lfioNd-the first one A shows the experimental energy levels, the second 
one B, those calculated from the Davydov-Filippov model and the third C those 
calculated from the Krutov model. Spins have been identified; parity in all 

cases is positive. 

2000 

Figure l (b ) .  See explanation below figure l ( a ) .  



Kwtoz: model foy even-even nuclei 529 

3. Discussion 
3.1. Results by method (i) 

Generally speaking, results by both the models are poor, Davydov-Filippov 
ones being the better of the two. We may note here that the calculated values of 2 + 
levels of 150Nd and 164Er by the Krutov model do not coincide with the observed 
ones; presumably Krutov and Zackrevsky (1969 a) used experimental values for 
these two energy levels different from those given in table 3. 

The pattern of results obtained by the two models is similar; if for a given nucleus 
the D F  model gives, relatively speaking, good results, so does the Krutov model. 
Similarly if the D F  model gives very poor results for some nucleus, so does the Krutov 
one. This can be attributed to the fact that both are pure rotator models and the 
degree of agreement would depend on how closely a given nucleus corresponds to this 
picture. 

For a rigid asymmetric rotator, the following ratio (Davidson 1968) should be 
equal to zero: 

The degree of deviation of this ratio from zero can give an idea of the influence of 
the rotation-vibration interaction. In  column 6 of table 3 we have recorded the values 
of 100 p for such nuclei for which data are available for the three energy levels. By 
definition, we have considered here only such nuclei for which equation (4) is closely 
satisfied, consequently even small uncertainties in the individual energy levels lead 
to a very large percentage uncertainty (sometimes of the order of 1 0 0 ~ o )  in the value 
of p.  This makes a correlation of this ratio with the results of figures l(a) and ( b )  
somewhat difficult and inconclusive. 

We can, however, turn to another criterion, which is based on the Bohr -Mottelson 
model. For a rigid axially symmetric rotator the following quantity 

10 E,(4+) 
- 3 E&+) 
v=-------- (7) 

may be considered to be an approximate measure of the strength of the rotation- 
vibration interaction. This quantity is tabulated in column 5 of table 3 .  

A perusal of table 3 and figures l(a) and l(b) shows that the degree of agreement 
between theory and experiment is closely correlated with the value of y .  As an 
illustration we may quote here three cases: 

164Dy agreement good, y = 0.033 
152Sm agreement poor, y = 0.325 
Ig4Pt no agreement, y = 0.864. 

Thus it appears highly likely that the differences between the observed and the 
calculated values are due to the neglect of the P-vibration in the two models. For the 
Davydov-Filippov case, an improved model which incorporates the /3-vibration 
does exist-the Davydov-Chaban (1960) model. For the Krutov model, to a first 
degree of approximation, the effect of ,&vibration can be allowed for by expressing the 
energy of a level as 
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Figure. 2(a ) ,  Experimental and calculated energy levels. The parameters were 
determined from E1(2 +) and E1(4 +). There are three columns for each nucleus, 
see e.g. 15ar\Td-the first one A shows the experimental energy levels, the second 
one B those calculated from the Davydov-Filippov model and the third C those 
calculated from the Krutov model. Spins have been identified; parity in all 

cases is positive. 

2000- 

Figure 2(b).  See explanation below figure 2(a) .  
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2000- 

where E,(I) represents the energy of the level given by the Krutov model in the rigid 
case, and b is a parameter. 

3.2. Results by method (ii) 
At first sight it may appear that this method would almost certainly lead to an 

improvement in the calculated values. This, however, is not necessarily so in all 

1500- 

2500/ 

500- 

12 t -__ 

I2+ 

IO t __- 

IO + 

8t 

8 t  

6t 8t 

I O  t 6+ 
6t . .. . . . . . . . . . . . . 

4 t  
4 +  ___ 4t 

2 +  -- 2 +  

Experiment A B 

Figure 3. Energy levels of 154Gd. A, Parameters of the Bohr-Mottelson model 
determined from E1(2 +) and E,(2 +). B, Parameters determined from E1(2 +) 

and E1(4 +). 

cases. As an illustration, in figure 3 we show the results obtained from a two-para- 
meter Bohr-Mottelson equation : 

E = AI(l+ 1) + B12(I+ 1)’. (9) 
In  the case indicated in figure 3A, A and B were obtained from E , ( 2 + )  and E,(2+) 
(contribution of E, to B was not taken into account). In  the second case, figure 3B, 
A and B were determined from E,(2+) and E , ( 4 + ) .  It would be noticed that in B 
the agreement has worsened. 

The  results shown in figures 2(a) and 2(b) for Krutov and D F  models show a 
very marked improvement over those obtained by method (i). For 6 + and 8 + levels, 
the results by both the models are of comparable agreement with the experimental 
data. However, for higher spin levels, i.e. 10 + and 12 + , the Davydov-Filippovmodel 
gives better results than the Krutov one. 

A comparison of the results by the two methods for the DF model shows an 
interesting feature. In  method (i) we find that, for a given nucleus, the differences 
between the observed and the calculated energy levels are in the same direction. In  
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method (ii), by determining the parameters from El(2+) and E1(4+) one is sort of 
partially correcting for the rotation-vibration interaction. In  figures 2(a) and 2(b) 
it should be noticed that in several cases the sign of (calculated - observed) tends to 
change as one goes to higher spin levels; 15%m and 154Gd are good examples. 

A comparison of y e  and y (method (i)) as determined by Krutov and Zackrevsky 
(1969 a) indicates that the charge distribution is more asymmetric than the mass 
distribution in most of the nuclei considered here. However, if we compare y e  and 
y (method (ii)), the reverse appears to be the case. We must add here, though, that 
the latter comparison is not very meaningful because y e  was obtained by a method 
which would correspond to method (i). It would, of course, be better to compare 
y(ii) with ye  obtained from the ground state intraband transition probabilities ; 
however, no such calculations are available. 

For the Krutov model (table 1)) it would be noticed that the values of ,B obtained 
by the two methods are very close, but the y values are very different, being rather 
large and somewhat unrealistic in the second case. 

The differences between the yUF as obtained by the two methods are usually 
much less than those for the y of the Krutov model. On intuitive grounds, the behaviour 
of yDF appears to be closer to the physical situation; the rotation-vibration interaction 
is after all not very large and it should not drastically change the asymmetry of the 
nucleus. 

Acknowledgments 
The authors thank the National Research Council of Canada for financial support. 

References 
DAVIDSON, J. P., 1968, Collectice Models of the Kuclezcs (New York: Academic). 
DAVYDOV, A. S., and CHABAN, A. A., 1960, Nucl. Phys., 20,499-508. 
DAVYDOV, A. S., and FILIPPOV, G. F., 1958, Nucl. Phys., 8, 237-49. 
DE MILLE, G. R., et al., 1959, Can. J .  Phys., 37, 1036-43. 
EWAN, G. T., and ANDERSON, G. I., 1968, Physics in Canada, 24, No. 3, 17. 
KRUTOV, V. A., 1968 a, Ann. Phys., Lpz., 21, 263-71. 
- 
KRUTOV, V. A., and ZACKREVSKY, h'. V., 1969 a, J .  Phj's. A: Gen. Phys., 2,448-55. 
- 

1968 b, Ann. Phys., Lpz., 21, 272-80. 

1969 b, J .  Phys. A :  Gen. Phys., 2, 456-62. 
LEDERER, C. M., HOLLANDER, J. il., and PERLMAN, I. ,  1967, Table of Isotopes (New York: 

Wilev) . 
MAR IS COT TI;"^. A. J., SCHARFF-GOLDHABER, G., and BI-CK, B., 1969, Phys. REZ'., 178,1864-87. 
MOORE, R. B., and WHITE, W., 1960, Can. J .  Phys., 38, 1149-53. 
VARSHNI, Y .  P., and BOSE, S., 1970, AYucl. Phys., A144, 645-53. 


